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Abstract
The purpose of this paper is to generalize the Hellinger-Toeplistz the-
orem from Hillbert spaces to complete random inner product modules by
making full use of the newly-established Riesz representation theorem in
complete random inner product modules.
In order to make our readers to know the history of random metric
theory conveniently, we first review the emmergence and development of
random metric theory; then we introduce in detail the excellent work of
Chinese scholars in this field; And then we simply introduce the notions that
will be used in this paper.
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\ Hellinger-Toeplistz ℄` 5y6^}UEioK%D?G 55uEio~nlWz2okD.&GR5%uEiwo~IS%Æ	~deO<uoB?Ei_ Hellinger-Toeplistz vE [47] g%℄ovEaWBG%eZ
B=Qku T v<K%B.5u H H+)nz 〈Tx, y〉 = 〈x, Ty〉, ∀x, y ∈ H, A T g Æo_
〈·, ·〉 : H ×H → C )a H Ho_IvEo<%|MWQkuTb0ok℄PufuSS vok℄Gu Æok℄Puo5Ea<t
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$N}6}lo^℄ elFvtBG
 K )aZw R +[w+ C; (Ω,A, µ) . σ−  Po8}5uL0(µ, K) )av< (Ω,A, µ)Ho K R µ− /8Bw0L(µ, K))a L0(µ, K) _- o µ− qsC0hCodw5% µ− /8Bw
µ− /8 µ− ℄ µ− hMSSRqe µ− qsCqs*&6x6O
[48].*rl L̃(µ, R) )av< (Ω,A, µ) Ho8ZR µ− /8Bwo
µ− qsC0rO<r ≤: ξ ≤ η h)h ξ0(ω) ≤ η0(ω) µ − a.e. PG L̃(µ, R) C&$_ ξ0 ( η0 *g ξ ( η o8t-od)- µ− qsCovOHtr(d)- ξ0 ( η0 ot-=53 Y/Q_ ξ ≤ η h)h ξ(ω) ≤ η(ω) µ−a.e., fXY ξ ( η <L_u_*)at8t-od)-I0U:S8I6_PNC~<J&FXE<t [ξ ≤ η] )aJ {ω ∈ Ω|ξ0(ω) ≤ η0(ω)} %vo
µ− qsC\6O [48] /O&$ (L̃(µ, R),≤) _8u A y H2Æ ∨A (G2Æ ∧A, )℄< A _/wu {an} ( {bn} ℄n ∨A = ∨n≥1an e
∧A = ∧n≥1bn, h A < ≤ PG.vX (RrGvX) Y"to
{an} /t.  (Rr {bn} /t.B) rY*r (L(µ, R),≤) .&$f_8 HÆ (Rr GÆ) oJ! H2Æ (Rr G2Æ).|L8 ξ ∈ L(µ, K) , |ξ| )a |ξ0| %vo µ− qsC_ ξ0. ξ o8od)- |ξ0| : (Ω,A, µ) → [0, +∞) v.
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L+(µ) nzBGF%z (l χ(p) . Xp):
(RN − 1) Xαp = |α|Xp , ∀ α ∈ K, p ∈ S;
(RN − 2) D Xp = 0 (L+(µ) _o℄-), o! p = 0 (S _o℄-);
(RN − 3) Xp+q ≤ Xp + Xq , ∀ p , q ∈ S.2rDS Y ∗ : L(µ, K) × S → S ℄BG'znz

(RNM − 1) (S, ∗) gdw L(µ, K) Ho} 
(RNM − 2) Xξ∗p = |ξ| · Xp , ∀ ξ ∈ L(µ, K), p ∈ S.oF-{ (S, χ, ∗) A.w+ K H (Ω,A, µ) .℄o^ vA. RN−  B6O [37] _tHt F ∗ : L(µ, K)× S → S ZnH/k.=owF · : K × S → S ov4:EXh ∗ OY/v_
(S, χ, ∗) . (S, χ), ξ ∗ p . ξ · p , f ” · ” m)awF$)a F0U:S8IXZZ 2.1[37] L(µ, K) gw+ K Hodwh4gvOHo} v
χ : L(µ, K) → L+(µ) .
Xp = |p| , ∀ p ∈ L(µ, K),o (L(µ, K), χ) hC%w+ K H (Ω,A, µ) .℄o RN−  ;lX
RN−  . L(µ, K).J# 2.1[37] N (S, χ) .w+ K H (Ω,A, µ) .℄o RN− 5ul
F+(A) = {A ∈ A|0 < µ(A) < +∞},p A ∈ F+(A),ε > 0,0 < λ < µ(A), N
Nθ(A, ε, λ) = {p ∈ S|µ({ω ∈ A|Xp(ω) < ε}) > µ(A) − λ},
Uθ(A) = {Nθ(A, ε, λ)|ε > 0, 0 < λ < µ(A)},
Uθ(χ) = ∪A∈F+(A)Uθ(A),o
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(2)S _o) {pα : α ∈ D} 	 (ε, λ)− Qk$lR% S _ot p0 h)h8o A ∈ F+(A) ) {χpα−p0 : α ∈ D} < A H	8} µ lR% 0.
(3) % L(µ, K) .w+ K H (Ω,A, µ) .℄o RN− 5u< (ε, λ)− Qk$G L(µ, K) .$dwfdwF · : L(µ, K) ×
L(µ, K) → L(µ, K) .PJQsoD (S, χ) . RN−  A (S, χ) .$dw L(µ, K) Ho$ f F · : L(µ, K)×S → S .PJQs6_8 RN− 5ue$1&S (ε, λ)−Qk$I 2.2[23] N (S1, χ1) G (S2, χ2) &.w+ K H (Ω,A, µ) .℄o
RN− 5u T : S1 −→ S2 .Qku<tA T ghMSS (vl.
a.s.)  ÆoB=℄< C ∈ L+(µ) ℄n
X2Tp ≤ C · X
1
p , ∀p ∈ S
1.*rh S2 - L(µ, K) YA T . S1 H% µ− a.e.  Æo^QkBI 2.3[37] N (S1, χ1) e (S2, χ2) &.w+ K H (Ω,A, µ) .℄o
RN− 5u B(S1, S2) . \ (S1, χ1) l (S2, χ2) ohMSS ÆoQku1CoQk5uvL χ : B(S1, S2) −→ L+(µ) .

XT = χ(T ) = Min{C ∈ L
+(µ)|X2Tp ≤ C · X
1
p , ∀p ∈ S
1},oAMy
 (B(S1, S2), χ) gw+ K H (Ω,A, µ) .℄o RN− 5u*rD (S, X) w+ K H (Ω,A, µ) .℄o RN− 5ul S∗ . SH µ−a.s.  Æo^QkB1CoQk5uvL χ∗ : S∗ −→
L+(µ) . (l χ∗(f) . X∗(f)):
X∗f = Min{C ∈ L
+(µ)||f(p)| ≤ C · Xp , ∀p ∈ S} , ∀f ∈ S
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\ Hellinger-Toeplistz ℄` 9J# 2.2[23] N (S1, χ1) e (S2, χ2) .w+ K H (Ω,A, µ) .℄oT%^5u+) S2 g&oo (B(S1, S2), χ) g&o*r8^5u (S, X) ^05u (S∗, χ∗) g&oI 2.4[37] A r (S, χ) .w+ K H (Ω,A, µ) .℄o^_5u (vA RIP−5u), B= S gw+ K HoQk5u)Y χ : S×S →
L(µ, K) nzBGz (l χ(p, q) . Xp,q) :
(RIP − 1) Xp,p ∈ L
+(µ) , ∀ p ∈ S, ) Xp,p = 0 ( L(µ, K) _o℄-)h)h p = 0 (S _o℄-) ;
(RIP − 2) Xp,q = Xq,p, (Xp,q )a Xq,p o0C) , ∀ p, q ∈ S;
(RIP − 3) Xαp,q = α · Xp,q , ∀ p, q ∈ S, ∀ α ∈ K;
(RIP − 4) Xp+q,r = Xp,r + Xq,r , ∀ p, q, r ∈ S;2rD℄<_L ∗ : L(µ, K) × S −→ S nzGT%z

(RIPM − 1) (S, ∗) gdw L(µ, K) Ho} 
(RIPM − 2) Xξ∗p,q = ξ · Xp,q , ∀ ξ ∈ L(µ, K) , ∀p , q ∈ S ;AA (S, χ, ∗).^_  (vA. RIP− ). h ∗ (vL/vl (S, χ, ∗). (S, χ).J# 2.3[37] N (S, χ) .w+ K H (Ω,A, µ) .℄^_5uo
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f(p) = Xp,π(f), ∀p ∈ S,) X̃π(f ) = X̃∗f , _ (S∗, χ̃∗) )a^5u (S, χ̃) o^05u(
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